Integral Solutions of $ x^p-my^p=zw$ by Ostine, Antenor
ar
X
iv
:2
00
4.
14
77
9v
1 
 [m
ath
.A
G]
  2
1 A
pr
 20
20
Integral Solutions of :xp − myp = zw.
ANTENOR OSTINE
May 1, 2020
Abstract
In this paper, using a basic algebraic approach, we demonstrate that, if the integers
x, y and z are pairwise relatively prime, and xp − myp = zw where m is an integer and
p is a prime, then we can write x, y,m, z and w as explicit expressions in 7 integers.
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1 Introduction
Diophantus of Alexandria was the first to prove that, in algebra, the set of all sum of two
squares is closed under multiplication:
(a2 + q2)(b2 + r2) = (ab ± qr)2 + (ar ∓ bq)2
Brahmagupta (598-668) later proved a more general identity which showed that[2]:
(a2 − mq2)(b2 − mr2) = (ab ∓ mqr)2 − m(ar ± bq)2
In 1920, LE Dickson built upon this identity and proved that all integral solutions of the
equation:
x2 − my2 = zw
are given by:
±x = eln + f nq − f lr − gqr
y = nq + lr
m = f 2 − eg
z = el2 + 2 f lq + gq2
w = en2 − 2 f nr + gr2
[1]
In our approach, we expand even further LE Dickson’s findings, and describe the integral
solutions of the equation xp − myp = zw as expressions of the integers e, f , g, l, q, n, and r.
2 Methodology
First, we define a linear equation: qx − uy + rz = 0 where the integral triplet (x, y, z) is
pairwise coprime, and gcd(q, u) = 1. Then, we determine its intersection with the equation
of the form xp − myp = zw where m, w are integers and p is a prime.
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3 Integral solutions of xp − myp = zw.
Theorem 1.1. We fix a prime p. Let x, y, z,m, w be non-zero integers such that x, y and z
are pairwise coprime and such that xp − myp = zw. Then there are integers e, f , g, l, q, n, r
such that :
x = eln − (
p−1∑
k=1
(
p
k
)
ep−k−1lp−k f kqk−1 + gqp−1)r + fy (1)
y = nq + ep−2lp−1r (2)
m = f p − eg (3)
z =
p−1∑
k=0
(
p
k
)
ep−k−1lp−k( f q)k + gqp (4)
w =
1
qp
[p−1∑
k=0
(
p
k
)
zp−k−1(−r)p−k((el + f q)y)k + eyp
]
(5)
where q , 0, and (e, q) = (l, q) = (n, r) = 1.
Proof.
Let x, y, z be 3 pairwise coprime nonzero integers and p be a prime such that:
xp − myp = zw (6)
Bezout’s identity implies, there exist infinitely many integers a, b, c, d such that:
ax − bz = cy − dz = 1 (7)
Not all of those integral coefficients are equal to zero. For instance, if a and b are be both
equal to zero, then 0 = 1, which is absurd. For similar reason, we cannot have either
c = d = 0. Thus, at least, one of them must be non zero.
Note that if z , 0, then any solution (a, b) can be replaced by (a + z, b + x). This way, a
can be arranged to be non-zero. If z = 0, then x = ±1 by coprimality, and we can take
a = x , 0. For c and d, one may argue similarly. So we can take a, b, c, d satisfying (7),
with a , 0 and c , 0.
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If a prime divides a and b, then it must divide 1, which is absurd since no prime divides
1. The same argument holds if a prime divides both c and d. Then, we have gcd(a, b) =
gcd(c, d) = 1.
From equation (7), we obtain:
ax = −z(d − b) + cy (8)
Put gcd(a, c) = h. There exist coprime integers u and q so that a = qh and c = uh. Let a
prime divide h and z. Then, according to (7) it must also divide 1, which is a contradiction
since no prime divides 1. Thus, h divides d − b. There is an integer r such that d − b = rh.
It follows that
qhx = −zhr + uhy (9)
Since a = qh , 0, then h , 0. We have:
qx = −zr + uy (10)
We multiply both sides of equation (6) by qp. Then we substitute qx, and obtain:
(−zr + uy)p − m(qy)p = zwqp (11)
Using the binomial theorem, we expand the lefthand side,
p∑
k=0
(
p
k
)
(−zr)p−k(uy)k − m(qy)p = zwqp (12)
Which gives us after simple algebraic manipulations:
p−1∑
k=0
(
p
k
)
(−zr)p−k(uy)k + (uy)p − m(qy)p = zwqp (13)
p−1∑
k=0
(
p
k
)
(−zr)p−k(uy)k + yp(up − mqp) = zwqp (14)
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The righthand side of (14) is divisible by z, and hence so is the lefthand side. All terms
in the sum over k are divisible by z. Hence, the second term in the lefthand side is also
divisible by z. Since gcd(y, z) = 1, thus there exists an integer e such that:
up − mqp = ze (15)
p−1∑
k=0
(
p
k
)
(z)p−k−1(−r)p−k(uy)k + ype = wqp (16)
We have shown between (8)-(9) that u and q are coprime. Let a prime divide both e and
q, thus according to (15), it must divide u in contradiction to the fact that gcd(u, q) = 1.
Hence, e and q are coprime. Thus, it’s possible to find 2 integers l, f such that:
u = el + f q (17)
By substituting u in equation (15), we obtain:
(el + f q)p − mqp = ze (18)
p∑
k=0
(
p
k
)
(el)p−k( f q)k − mqp = ze (19)
p−1∑
k=0
(
p
k
)
(el)p−k( f q)k + f pqp − mqp = ze (20)
p−1∑
k=0
(
p
k
)
ep−klp−k( f q)k + ( f p − m)qp = ze (21)
The righthand side of (21) is a multiple of e, and hence so is the lefthand side. All terms
in the sum over k are a multiple of e. Hence, the second term in the lefthand side is also a
multiple of e. Since gcd(e, q) = 1, thus there exists an integer g such that:
f p − m = eg (22)
It follows that:
p−1∑
k=0
(
p
k
)
ep−k−1lp−k( f q)k + gqp = z (23)
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Substituting z and u = el + f q in equation (10) yields:
xq = −(
p−1∑
k=0
(
p
k
)
ep−k−1lp−k( f q)k + gqp)r + y(el + f q) (24)
xq = −ep−1lpr − (
p−1∑
k=1
(
p
k
)
ep−k−1lp−k( f q)k + gqp)r + y(el + f q) (25)
xq = el(y − ep−2lp−1r) − (
p−1∑
k=1
(
p
k
)
ep−k−1lp−k( f q)k + gqp)r + fyq (26)
According to (17), if a prime divides both q and el, then it must divide u. This is absurd
since u, q are relatively prime. Hence, (e, q) = (l, q) = 1.
The lefthand side of (26) is divisible by q , 0, and hence so is the righthand side. All terms
in the sum over k and gqp are divisible by q. Hence, the first term in the righthand side is
also divisible by q. Since q and el are relatively prime, then q must divide y − ep−2lp−1r. It
follows there exists an integer n such that:
y = nq + ep−2lp−1r (27)
Which gives us:
x = eln − (
p−1∑
k=1
(
p
k
)
ep−k−1lp−k f kqk−1 + gqp−1)r + fy (28)
Equation (16) becomes after subsituting u = el + f q:
qpw =
p−1∑
k=0
(
p
k
)
(z)p−k−1(−r)p−k(y(el + f q))k + eyp (29)
where q , 0 since a = hq , 0.
It is worth noting that both sides of all the equations from (11) through (16) but (15) are
divisible by qp. Therefore, after dividing both sides of (29) by qp, we obtain:
w =
1
qp
[p−1∑
k=0
(
p
k
)
zp−k−1(−r)p−k((el + f q)y)k + eyp
]
(30)
where w is an integer and q , 0.
At this point, (1)-(5) have been shown in equations (22), (23), (27) (28), and (30). The
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coprimality of (e, q) and (l, q) were respectively shown between equations(16)-(17) and
(26)-(27).
Let a prime divide both n and r. Then it also divides x and y according to equations
(27)-(28). This is a contradiction since gcd(x, y) = 1. Hence, n and r are coprime.

Corrolary 1.1 We fix a prime p. Let x, y, z,m, w be nonzero integers such that x, y and z are
pairwise coprime and such that xp − myp = zw. Then one can obtain explicit expressions
for (x, y, z,m, w) in terms of (e, f , g, l, q, n, r).
Proof.
Substitute the expression for y in (2) into (1) and (5), and the expression for z in (4) into
(5).
4 Conclusions
We demonstrated, when they exist, it is possible to express the integral solutions of the
diophantine equation of the form xp − myp = zw as explicit functions of 7 integers. This
result can be helpful in identifying whether a specific integral solution set of this equation
exists. For if it does, then we should be able to find a corresponding set of integers
e, f , g, l, q, n, r for which that assumption holds.
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